We apply a new calculation scheme of a finite element method (FEM) for for solving an elliptic boundary-value problem describing a quadrupole vibration collective nuclear model with tetrahedral symmetry. We use of shape functions constructed with interpolation Lagrange polynomials on a triangle finite element grid and compare the FEM results with obtained early by a finite difference method. 1
Introduction
In recent papers the consistent approach to quadrupole-octupole collective vibrations coupled with the rotational motion was presented to find and/or verify some fingerprints of possible high-rank symmetries (e.g., tetrahedral, octahedral, ...) in the recent experimental data of nuclear collective bands [1, 2] . A realistic collective Hamiltonian with variable mass-parameter tensor and potential obtained through the macroscopic-microscopic Strutinsky-like method with particle-number-projected BCS approach in full vibrational and rotational, nine-dimensional collective space was diagonalized in the basis of projected harmonic oscillator eigensolutions. In this approach the symmetrized orthogonal basis of zero-, one-, two-and three-phonon oscillatorlike functions in vibrational part, coupled with the corresponding Wigner function [3] has been applied for solving the boundary value problem (BVP) in 6D domain. The algorithms for construction the symmetrized basis was considered in [4, 5] w.r.t. symmetrization group [6, 7, 8] . In paper [9] the BVP in 2D domain describing the above quadrupole vibration collective nuclear model of 156 Dy nucleus with tetrahedral symmetry [10] has been solved by a finite difference method (FDM) that was a part of the BVP in 6D domain. However, the FDM approach did not obtain further generalization on the above multidimensional domain, where the potential energy and components of the metric tensor given by 2 × 10 6 table values. In this paper we consider the alternative approach which is applicable for solving the BVP in the multidimensional domain of d-dimensional Euclidian space divided into the d! simplexes in the framework of a finite element method (FEM) with Lagrangian elements and PI-type Gauss quadrature formulas in the simplexes [11, 12, 13] .
An efficiency of the applied finite element calculation scheme is shown by the benchmark calculations of the above BVP in the 2D domain. We apply shape functions on triangle finite element grid using the interpolation Lagrange polynomials of two variables with quadrature rules in triangle [14] and compare our FEM results with obtained early by the FDM [9] . 
The setting of the problem
Consider a self-adjoint boundary-value problem for the elliptic differential equation of the second order [11, 13] :
It is also assumed that g 0 (x) > 0, g ji (x) = g ij (x) and V (x) are real-valued functions, continuous together with their generalized derivatives to a given order in the domain x ∈Ω = Ω ∪ ∂Ω with the piecewise continuous boundary S = ∂Ω, which provides the existence of nontrivial solutions obeying the boundary conditions of the first kind (I) or the second kind (II):
Here
is the derivative along the conormal direction,n is the outer normal to the boundary of the domain S = ∂Ω,ê i is the unit vector of x = 
The FEM solution of the boundary-value problems (1)-(3) is reduced to the determination of stationary points of the variational functional [11, 13] 
where Π(Φ, E) is the symmetric quadratic functional
Quadrupole-octupole-vibrational collective model
Below we solve the BVP (1)-(3) in the 2D domain d = 2 that describe the quadrupole-octupolevibrational collective model of 156 Dy nucleus [9] with the coefficients g 0 (x) and g ij (x) determined by the expressions i, j = 1, 2:
The mass tensor B ij (x 1 , x 2 ) has been calculated [9] in the terms of the average nuclear deformations x = (x 1 , x 2 ) = (q 20 , q 32 ) determine in [15] , and shown in Fig. 1a-d . The potential energy function V (x 1 , x 2 ) has been calculated in the terms of the nuclear deformations x = (x 1 , x 2 ) = (α 20 , α 32 ) [9] and shown in these coordinates as well as in coordinates x = (x 1 , x 2 ) = (q 20 , q 32 ) in Fig. 2a ,b. Table 1 shows a low part of the spectrum of v = 1, ..., 10 states of 156 Dy counted from minimum of potential energy (V min (α 20 , α 32 ) = 0.685M eV ). Second column shows eigenenergies E FDM v calculated by the FDM code of the second order [9] . The remaining columns show the eigenvalues E FEM v (p) of the BVP (1)- (5) in Ω(q 20 , q 32 ) with coefficients g ij (q 20 , q 32 ) determined by formulas (5) and the potential energy functions V (q 20 , q 32 ) calculated in the present paper by the FEM code with the Gaussian quadratures PI type till the eight order [14] . Calculations has been carried out with the second type (II) boundary conditions (2) 
Conclusion
We applied the new calculation schemes in the framework of FEM with the triangular Lagrange elements and Gaussian quadratures for analysis of the quadrupole vibration collective nuclear model with tetrahedral symmetry. We constructed of shape functions on triangle finite element grid and compared our FEM results with obtained early by FDM that are in a good agreement. This approach is generalized directly for the solving BVP in multidimensional domain by using the algorithms and their program realization [12, 13] . We will apply the proposed FEM for solving the BVP in the six dimensional domain describing the above quadrupole-octupole collective vibration model, in our further papers.
